Abstract. We prove a sharp lower bound for the essential minimum of a non-translate variety in certain abelian varieties. This uses and generalises a result of Galateau. Our bound is a new step in direction of an abelian analogue by David and Philippon of a toric conjecture of Amoroso and David and has applications in the framework of anomalous intersections.
Introduction
In this paper, by variety we mean an algebraic variety defined over the algebraic numbers. Let A be an abelian variety; with a symmetric ample line bundle L on A we associate an embedding i L : A → P m defined by the minimal power of L which is very ample. Heights and degrees corresponding to L are computed via this embedding. More precisely,ĥ L will denote the L-canonical Néron-Tate height, and the degree deg L of a subvariety of A is defined as the degree of its image in P m under i L .
If A is a product of abelian varieties, we fix on each simple non-isogenous factor a symmetric very ample line bundle. On A we consider the line bundle L obtained as the tensor product of the pullbacks of the natural projections of A onto its factors.
A subvariety Y of an abelian variety is translate if it is the union of translates of algebraic subgroups. We also say that a subvariety Y ⊆ A is torsion if it is the union of components of algebraic subgroups. An irreducible Y is called transverse (resp. weak-transverse) if it is not contained in any proper translate (resp. in any proper torsion variety).
The torsion is a dense subset of A and, in view of the abelian analogue of Kronecker's theorem, it is exactly the set of points of height 0. This statement motivates further questions about points of small height on A and on its subvarieties.
In the context of the Lehmer problem, effective lower bounds for the height of non-torsion points of A have been studied for example in [Sil84] , [Mas87] , [DH00] and [BS04] .
One is then led to study the height function on an algebraic subvariety Y of A. For instance, by the Manin-Mumford conjecture (proved by Raynaud [Ray83a] , [Ray83b] ), the points of height zero are dense in Y if and only if Y is torsion.
More in general, setting
and denoting by Y (θ) its Zariski closure, we have the following result, known as the Bogomolov Conjecture, proved by Ullmo and Zhang (see for instance [Ull98] and [Zha98] ). The problem of giving explicit bounds for µ L (Y ) in terms of geometrical invariants of Y and of the ambient variety has been studied in several deep works, for instance in [DP98] , [DP02] , [DP07] in the abelian case and in [BZ96] , [Sch96] , [AD03] , [AV09] in the corresponding toric case.
An effective Bogomolov Conjecture (up to η) for transverse varieties in an abelian variety A states the following.
Effective Bogomolov Bound : For any abelian variety and for any real η > 0 there exists a positive effective constant C(A, L, η) such that for every transverse subvariety
Galateau, in [Gal10] , proves this lower bound for varieties transverse in an abelian variety with a positive density of ordinary primes (Hypothesis H in [Gal10] ). According to a conjecture of Serre, this shall always be true (see [Pin98, §7] 
where c(A, L, η) is a positive effective constant.
As described in Section 2.3, from the result of Galateau we immediately deduce: Theorem 1.4. Let A be an abelian variety with a positive density of ordinary primes. Let Y be a variety transverse in a translate H ⊂ A. Then, for any η > 0, there exists a positive constant c ′ (A, L, η) such that
In our bound, as in the effective Bogomolov bound, the degree of Y appears in the denominator, but here the degree of H appears at the numerator. This last dependence is crucial for applications in the context of torsion anomalous intersections and of the Zilber-Pink conjecture, enabling a significant simplification in some classical uses of such Bogomolov-type bounds. For instance, using a special case of Theorem 1.4, we obtain some new results. In particular, in [CVV] we show that: If V is a weak-transverse variety in a product of elliptic curves with CM, then the V -torsion anomalous varieties of relative codimension one are finitely many. In addition, their degree and normalised height are effectively bounded; see [CVV, Theorem 1.3 ] for a precise statement.
Our theorems are analogues, up to the logarithmic correction factor, of a toric conjecture of Amoroso and David in [AD03] ; see [DP07] for a suitable conjecture in the abelian case. In the context of the Lehmer problem, a lower bound of similar nature to ours for translates of tori is given by Sombra and Philippon in [PS08] and for points in CM abelian varieties is given by Carrizosa in [Car09] .
The main point in our proof is to compare the line bundle L on A with its restriction L| H to H. To overcome this difficulty we prove an equivalence of line bundles which enables us to describe the restriction of the line bundle to H in terms of pull-backs through several isogenies. From the bound (1), we immediately deduce the good behaviour of essential minima under isogenies. We notice that our constant depends explicitly on the constant in (1). In addition, our method applies to any lower bound of the kind (1) where the hypothesis on Y are preserved by isogenies. We finally remark that the hypothesis of irreducibility for Y is not restrictive, indeed the essential minimum of a reducible variety is the maximum of the essential minima of its components. This paper is structured in the following way. In Section 2, we give some preliminaries. Then, as a straightforward consequence of bound (1), we show the good behaviour of the essential minimum under the action of an isogeny.
In Section 3 we present the main technical ingredients of the proof, which is an equivalence of line bundles.
In Section 4 we finally prove our main theorem in two steps: we first consider the case when H is an abelian subvariety, and then we reduce to this case the general case of H a translate.
Preliminaries
Let A be an abelian variety. We consider irreducible subvarieties Y of A and we shall analyse the sets of points of small height on Y with respect to different line bundles; for this reason, when talking about heights, degrees and essential minima, we always indicate which line bundle we are using.
An abelian variety is isogenous to a product of simple abelian varieties. We suppose
Nr r , where the A i 's are pairwise non-isogenous simple abelian varieties, and we fix embeddings A i ֒→ P m i , given by symmetric ample line bundles on A i . On any product variety we consider the line bundle L obtained as the tensor product of the pullbacks of the natural projections on its factors.
If A is as in (2) and B is an abelian subvariety of A, then
where for every i, B i is an abelian subvariety of A We denote by End(−) the ring of endomorphisms of abelian varieties. Recall that End(A i ) ⊗ Z R is a real, complex or quaternionic algebra, and in each of these cases we have a standard euclidean norm.
We first prove several results which hold for a power of a simple abelian variety. Then we extend them to a general abelian variety.
In the following, we write ≪ and ≫ to indicate inequalities up to constants depending only on the ambient variety, the fixed line bundles and a positive real number η, but not on the variety Y or the isogenies involved, which may vary.
Basic relations of degrees.
We recall some basic properties of degrees of subvarieties. In this section, we assume that A is an abelian variety of dimension D.
Let m be a positive integer. Let L be a symmetric ample line bundle on A and let L m be the tensor product of m copies of L. Let Y be an irreducible algebraic subvariety of
We are interested in how the degree changes under the action of the multiplication morphism. For a ∈ Z, we denote by |a| its absolute value and by [a] the multiplication by a on A.
From [Mum70, Corollary 3, p. 59], we have
Let φ : A → A be an isogeny; then the Projection Formula gives
where φ * (Y ) is the cycle with support φ(Y ) and multiplicity deg(φ |Y ). Furthermore, by [BL04, Corollary 3.6.6] we have
and more in general:
We also have:
Taking the image, Y + φ(t) = Y and φ(t) ∈ Stab Y . That gives t ∈ φ −1 (Stab Y ). Conversely, let t ∈ Stab Y , then
and taking the preimage
2.2. Basic relations of essential minima. We now investigate useful relations for the essential minimum.
Recall that, by definition, for every x ∈ A and isogeny φ :
In addition
Another easy remark is stated in the following lemma.
Proof. This lemma is proved by contradiction, and it relies on the height
2.3. Theorem 1.3 implies Theorem 1.4. The implication 'Theorem 1.3 implies Theorem 1.4' is straight forward from a result of Galateau [Gal10] . For convenience we recall his theorem.
For Y a subvariety of a (semi)abelian variety, with an ample line bundle
where the minimum is taken over all the hypersurfaces (not necessarily irreducible) containing Y . 
Note that if A has a positive density of ordinary primes, then also all its abelian subvarieties have it.
As mentioned in the introduction the hypothesis on a positive density of ordinary primes always holds for CM abelian varieties, powers of elliptic curves and abelian surfaces and is conjectured to hold for every abelian variety.
Essential minimum and isogenies.
In this section we derive from the effective Bogomolov bound (1) a theorem which shows the good behaviour of the essential minimum under the action of an isogeny. This result will be among the ingredients used, in Section 4, to prove the main Theorem.
Theorem 2.5. Let B be abelian variety such that an effective Bogomolov bound (1) holds. Let Y be a transverse subvariety of B and φ : B → B an isogeny. Then for every η > 0 we have
Proof. Let g = dim B, and let a be an integer of minimal absolute value such that there exists an isogenyφ with φφ =φφ = [a] . By definition of dual we have |a| ≤ deg φ.
Let W be an irreducible component ofφ −1 (Y ). Note that isogenies preserve dimensions and transversality, so dim W = dim Y = d and W is transverse.
We have
We now need to estimate deg L W . Since Y is transverse, d > 0; then by formula (4),
Using Lemma 2.2 (ii) and Lemma 2.1, we obtain
Since W is transverse, applying bound (1) we have
where line (11) follows absorbing the appropriate power of deg L B in the implicit constant. We substitute this last estimate in (9), then
where | kerφ|| ker φ| = |a| 2g because φφ =φφ = [a]. In addition
Since |a| ≤ deg φ, we have
, which easily implies the wished bound, after changing η.
2.5. Morphisms. Let A be a simple abelian variety of dimension D and let M ≤ N be positive integers.
We can associate a matrix A = (ψ ij ) ij ∈ Mat M ×N (End(A)) with a morphism
We also associate a morphism ψ : A N → A M with a matrix
such that all components of ker ψ are components of (12)
and such that the product of the norms of the rows of A ψ is minimised. As a norm for the rows we take the euclidean norm in (End(A) ⊗ Z R) N . For notation's sake, sometimes we identify the morphism with the matrix.
We associate a morphism ψ : A N → A M with an abelian subvariety A ′ of A N given by the connected component of ker ψ passing through the zero of A N .
Finally, we associate an abelian subvariety A ′ ⊆ A N of codimension M D with the projection morphism
Then A ′ = ker ψ is a component of the variety defined by the system (12), where A ψ = (ψ ij ) ij is the matrix associated with ψ, as above. We call the morphism (resp. the matrix) just defined the associated morphism (resp. associated matrix ) of A ′ .
We finally define the norm of a morphism in the usual way.
An equivalence of line bundles
In this section we let A be a simple abelian variety of dimension D.
3.1. Definitions. Let now B be an abelian subvariety of A N of dimension nD.
Lemma 3.1. Let B be an abelian subvariety of A N of dimension nD. Then there exists an isogeny φ : A N → A N defined by a matrix
such that: i. φ B ∈ Mat (N −n)×N (End(A)) and φ B ′ ∈ Mat n×N (End(A)) are both of full rank; ii. φ(B) = {0} N −n × A n ; iii. If we define the isogeny φ as follows:
then properties (i) and (ii) are satisfied by construction, and we have that
It is an exercise in linear algebra to show that there exists an isomorphism T of norm bounded only in terms of N , such that all n × n minors of the matrix consisting of the last n columns of (φT ) −1 have determinant different from zero.
Clearly, for a point P , we have
Moreover, as in [Via09, Proposition 4.2] for elliptic curves and in [Via10, Lemma 4.5] for abelian varieties, for any subvariety X we get
We deduce the following lemma.
Lemma 3.2. Let T , P and X be as above.
Proof. The upper bounds are immediate from (13) and (14), while the lower bounds are obtained applying (13) toT T (P ) and and (14) toT T (X). In particular, using (14), one has
On the other hand
which, combined with [Hin88, Lemma 6], give the desired bound.
Hence T changes degrees and heights by a constant depending only on N and D.
Note that the isogeny φ : A N → A N sends B to the last n factors,
We denote the immersion of A n in the last n coordinates by
Let us denote by α the minimal positive integer such that there exists an isogenyφ satisfying φφ =φφ = [α]. Note that, |α| ≤ deg φ. Of course, we may takeφ to be the dual of φ, but, eventually, for explicit computations, the above definition could be more convenient.
We decomposeφ = (A|B) with A ∈ Mat N ×(N −n) (End(A)) and B ∈ Mat N ×n (End(A)). We denote by a i the i-th row of A; similarly
and (a i , b i ) is the i-th row ofφ.
Lemma 3.3. For I ∈ I = {(i 1 , . . . , i n ) ∈ {1, . . . , N } n and i j < i j+1 } the morphism
Proof. We are assuming that the last n columns of φ −1 have n × n minors with non-zero determinant. Together with φφ = αId N , this implies that all n × n minors of B have non-zero determinant. Then det ϕ I = 0. This is equivalent to say that ϕ I is an isogeny, as ϕ I is a morphism associated with a square matrix of full rank.
We remark that the map ϕ I : A n → A n may be described as the composition
where π I is the projection on the n coordinates appearing in the multi-index I. Indeed, we can sum up the situation with the following commutative diagram:
where j is the inclusion of B in A N , φ I is defined as the composition π I •φ, and ϕ B is the restriction to B of the morphism associated with the matrix φ B ′ in Lemma 3.1. The fact that φ(B) = {0} N −n × A n allows us to say that all horizontal arrows are isogenies.
With this notation, we remark a consequence of Lemmas 2.1 and 3.1. For φ as above we have
In fact deg ϕ B = |B ∩ ker φ| ≤ | ker φ|.
Note that by our definitions of degree in A N and A n , the map i preserves the degree of subvarieties of {0} N −n × A n .
3.2. The equivalence. In this section A is a simple abelian variety. We recall that on A we fixed a symmetric ample line bundle L 1 ; for any integer m, we denote by L m the bundle on A m obtained as the tensor product of the pullbacks of the natural projections of A m on its simple factors. We now study L N |B for B an abelian subvariety of A N . We can express a power of L N |B as a tensor product of pull-backs via different morphisms of the bundle L n on A n . Of course, even if B is isogenous to A n , in general L N |B is not the natural bundle L n .
Theorem 3.4. The following equivalence of line bundles holds
where φφ =φφ = [α] is as above and ϕ I is defined in Lemma 3.3.
Proof. We denote by c 1 (L) a representative of the first Chern-class of L. By ⊞ we mean the sum of cycles and by L m we mean as before the tensor product of m copies of L. We recall that, for f a morphism, we have
Let e i : A n → A and f i : A N → A be the projections on the i-th factor. Note that e i 's (resp. the f i 's) generate a free Z-module of rank n (resp. rank N ) of Hom(A n , A) (resp. Hom(A n , A)). By definition of standard line bundle,
, and more in general, for ψ ∈ Mat N ×m (End(A)) and ψ ′ ∈ Mat m ′ ×N (End(A)) with m, m ′ ∈ N * , we have
In addition, by [BL04, Corollary 3.6, p. 34] for M a symmetric ample line bundle on
and then,
Two line bundles are equivalent if and only if they have the same Chernclass; the proof of the theorem is based on this remark.
For any morphism ψ : A N → A n , applying (16), (17) and (18), we have
, where ψ i : A N → A is the i-th row of ψ.
Apply this formula to each φ I . Then, for I = (i 1 , . . . , i n ),
Since the Chern class of the tensor product is the sum of the Chern classes, we obtain
where the last equality is justified from the fact that each multi-index I consists of n coordinates and each of the N indices appears the same number of times, so each row (a i , b i ) appears
n−1 times, once for each possible choice of the other n − 1 rows.
Recall thatφφ = [α]; by (16)
Hence, using (19) and restricting to B we conclude
The last isomorphism in the statement of the theorem follows from
The following relation has been pointed out by Gaël Rémond.
Proposition 3.5. The following equality holds
Proof. We compute the degrees as intersection numbers. By relation (20),
Similarly, by formula (21), we obtain
The Proof of the main theorem
Recall that A = A We first prove a weak form of Theorem 1.3, and then we remove the more restrictive hypothesis. 
This shows that
µ L (Y ) ≥ 1 4 θ.
We finally remark that the constant in Theorem 1.3 depends explicitly on the constant in bound (1). In particular, the constant of Theorem 1.4 depends explicitly on the one given by Galateau.
